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We characterize the optimal ﬁnancing of productive public capital and compute the
welfare loss from being unable to commit to the Ramsey policy. Because this calculation
ultimately relies on numerical approximations, we contrast alternative approaches.
While perturbation and linear quadratic methods deliver accurate steady states, the
latter can yield misleading policy implications during transitions. We ﬁnd that moving
from a regime with commitment to one with discretion implies only a small welfare
loss. Although Markov-perfect consumption falls noticeably short of its Ramsey
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which largely offsets this long-run loss.
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1. Introduction
The notion that governments cannot always commit to a sequence of actions is a subject of increasing interest for
economists in general and policymakers in particular. To this point, the literature on time-consistent ﬁscal policy has
conﬁned itself to simple environments where taxes are used to ﬁnance a ﬂow of public goods or services that are rapidly
exhausted. In contrast, the beneﬁts of government spending have been mainly documented for durable public goods that
can be accumulated over time.1 This fact is ignored in recent studies because introducing public capital (an additional state
variable) signiﬁcantly complicates the characterization of the optimal discretionary policy. This paper, therefore, tackles the
problem of understanding how the absence of government commitment affects the provision of public infrastructure, as
well as the implied welfare effects over an economy’s transition to its long-run equilibrium. We solve for Markov-perfect
equilibria and provide a quantitative assessment of the value of commitment, which we deﬁne as the welfare loss incurred
when governments cannot commit to the sequence of actions that produce second-best allocations. In doing so, we
evaluate the performance of different numerical methods used in approximating time-consistent policy.
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Previous work on optimal public investment, including Glomm and Ravikumar (1994, 1997), or Turnovsky (1997),
characterize optimal policy under full commitment only. More recently, several papers have analyzed optimal ﬁscal policy
absent commitment, but in environments where public goods cannot be accumulated. These include, among others, Klein
et al. (2008), who analyze the trade off between providing a consumable public goods and its ﬁnancing, Hassler et al.
(2007), sswho study time-consistent redistribution under repeated voting, and Azzimonti et al. (2006), who explore the
distortionary effects of income taxes on the evolution of wealth inequality. In contrast to these papers, our analysis focuses
on the provision of a durable public goods that expands the production frontier. Thus, we contribute to the literature on
public investment and discretionary policy in mainly three ways.
First, at a theoretical level, we show that governments following a Markov-perfect policy choose a tax rate such that
they trade off marginal inefﬁciencies arising in private savings with those arising in the provision of public infrastructure
over two consecutive periods only. The derivation of the government Euler equation (GEE) with two state variables is
substantially more involved than those developed in the previous work but remains analytically tractable. More
importantly, we show that this derivation allows for the application of numerical methods that efﬁciently and accurately
describe transition dynamics.
Second, in computing the Markov-perfect policy problem, we compare numerical solutions obtained using GEE-based
perturbation methods recently suggested in Krusell et al. (2002), with those that emerge under a global method (GM) that
does not require derivation of the GEE. We further gauge the more common linear quadratic (LQ) approximation approach
developed in Klein and Rios-Rull (2003), as well as Svensson and Woodford (2004), against this global method. We know of
no other papers in the literature that compare these numerical methods for a single problem. While both the perturbation
and LQ approaches deliver accurate steady-state allocations, we ﬁnd that the approximation errors associated with the
latter can yield misleading policy recommendations in response to changes in the state variables. In contrast, an application
of the perturbation method is able to generate decision and policy rules that differ minimally from those delivered by the
global method.
Finally, our analysis indicates that while Markov-perfect and Ramsey policies can lead to considerably different
allocations in the long-run, moving from an economy with government commitment to one with discretion implies only a
small welfare loss. This ﬁnding stems from the greater emphasis that Markov governments place on short-run gains
relative to a Ramsey planner. In particular, although the economy with discretion achieves noticeably lower long-run
consumption relative to the regime with commitment, the tax policy chosen under discretion implies higher consumption
in the transition that largely offsets this long-run loss. Ultimately, the absence of government commitment results in lower
tax rates and, therefore, less public infrastructure being developed. Because a lower level of infrastructure reduces the
marginal product of private capital, the economy operating under discretion gives rise to lower private investment and
lower consumption in the long-run despite its lower taxes.
This paper is organized as follows. Section 2 describes the basic economic environment. In Section 3, we deﬁne the
competitive equilibrium given a stationary policy rule. Section 4 characterizes the Markov-perfect equilibrium that yields
the optimal policy. Section 5 contrasts numerical solution methods, and we calculate the value of government commitment
in Section 6. Section 7 offers some concluding remarks.

2. Environment
Consider an economy populated by inﬁnitely many households whose preferences are given by

U¼

1
X

bt uðct Þ,

t¼0

where 0obo1 is a subjective discount rate, and households’ period utility, uðct Þ, satisﬁes uc 40, ucc o0, and the usual Inada
conditions. The size of the population is normalized to one.
A single consumption good is produced using the technology
yt ¼ Fðkt ; lt ; kgt Þ,
where kt and kgt denote the date t stocks of aggregate capital in the private and public sectors, respectively. Labor input is
denoted by lt , and we assume that F exhibits constant returns to scale with respect to private capital and labor. We denote
the public capital elasticity of output, F kg ðkg =yÞ, by y 2 ð0; 1Þ, and assume that F kkg 40. These assumptions follow along the
lines of earlier work, notably by Glomm and Ravikumar (1994, 1997). Since leisure is non-valued, we assume that agents
supply labor inelastically and set lt ¼ 1 8t.2 To simplify notation, we deﬁne f ðkt ; kgt Þ  Fðkt ; 1; kgt Þ.
Both types of capital can be accumulated over time and evolve according to
ktþ1 ¼ ikt þ ð1  dk Þkt

(1)

2
This assumption is made for simplicity, and helps keep the derivation of the GEE below somewhat concise despite the additional state variable. See
Klein et al. (2008) for an extension with endogenous labor in a setting without public capital.
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and
kgtþ1 ¼ ikg t þ ð1  dkg Þkgt ,

(2)

where ik and ikg denote private and public investments, respectively. Private capital depreciates at rate dk , and public capital
at rate dkg , where di 2 ð0; 1Þ.
The government taxes households to ﬁnance public infrastructure as well as conspicuous expenditures that do not
provide direct utility to households. Following Cassou and Lansing (1998), we assume that non-productive expenditures
are proportional to output, g t =yt ¼ f with f 2 ð0; 1Þ, and that the ratio f is exogenous. As such, this speciﬁcation allows us
to introduce expenditures that are quantitatively important in calibration exercises but whose endogeneity we do not
explicitly model. Our analysis in this paper will focus exclusively on productive capital expenditures.
2.1. The ﬁrst-best solution
It is useful to ﬁrst characterize efﬁcient allocations in this environment. These allocations will then be used as a
benchmark with which to compare the decentralized solutions that emerge under two key policy frictions: distortionary
taxation and the fact that the government cannot credibly promise to abide by a sequence of future tax rates.
Pareto-optimal allocations are found by solving the problem of a benevolent planner who chooses sequences of
consumption, private capital, and public capital so as to maximize households’ lifetime utility
max

fct ;ktþ1 kgtþ1 g

s:t:

1
X

bt uðct Þ

(P )

t¼0

ct þ ktþ1 þ kgtþ1 þ g t ¼ f ðkt ; kgt Þ þ ð1  dk Þkt þ ð1  dkg Þkgt ,

where g t ¼ ff ðkt ; kgt Þ. The ﬁrst-order necessary conditions imply that3
uct ¼ b½f ktþ1 ð1  fÞ þ 1  dk uctþ1

(3)

and that
uct ¼ b½f kgtþ1 ð1  fÞ þ 1  dkg uctþ1 .

(4)

Therefore, in the absence of frictions, the standard result obtains such that when dk ¼ dkg , it is optimal to invest in k and kg
up to the point where their marginal products are equalized at each date,
f ktþ1 ¼ f kgtþ1 .
We refer to the optimal levels of private and public capital as the ‘‘unconstrained optimum’’. It is straightforward to show
how to obtain these allocations in a decentralized competitive equilibrium when the government has access to lump sum
taxation. In the absence of such an instrument, however, a distortion emerges that creates a wedge, or gap, in conditions (3)
and (4). In addition, to the degree that policies other than lump sum taxes are used, such policies will generally be time
inconsistent.4 In general, we deﬁne a wedge in the efﬁcient private investment decision by

Dkt ¼ uct þ buctþ1 ðf ktþ1 ð1  fÞ þ 1  dk Þ,

(5)

where Dkt ¼ 0 8t under ﬁrst-best allocations. Similarly, we deﬁne a wedge in public investment by

Dkgt ¼ uct þ buctþ1 ðf kgtþ1 ð1  fÞ þ 1  dkg Þ.

(6)

3. The decentralized economy given policy
Because lump sum taxes are almost never observed, we focus on a decentralized economy where the government uses
distortionary income taxes to ﬁnance its public capital. In that setting, a new government coming into ofﬁce typically has
an incentive to disregard promises made by its predecessors. Hence, setting taxes once and for all at time zero results in
policy announcements that are not credible, since, in each subsequent period, policymakers take the states they inherit as
given and do not account for the impact of distortionary taxes on the previous investment decisions. In other words, absent
a commitment technology, the Ramsey policy is time inconsistent. Our analysis centers on the determination of optimal
time-consistent tax rates, and contrasts the ﬁndings with those that obtain under full commitment. In particular, we study
Markov-perfect equilibria whereby sequential governments choose policy optimally based on the state they inherit when
taking ofﬁce.5
3

We use uct to indicate uc ðct Þ, f ktþ1 to indicate f k ðktþ1 ; kgtþ1 Þ, etc. to simplify notation when the context is clear.
See Kydland and Prescott (1977) for an early formal treatment of time-inconsistent policy.
An alternative approach ﬁnds the set of all possible sustainable equilibria, and characterizes the problem using reputational mechanisms that rely
on trigger strategies involving reversions to the worst possible equilibrium (Chari and Kehoe, 1993). Such mechanisms, however, are generally not
renegotiation proof.
4
5

ARTICLE IN PRESS
M. Azzimonti et al. / Journal of Economic Dynamics & Control 33 (2009) 1662–1681

1665

Throughout the paper, we assume that the government balances its budget every period. While the presence or absence
of government debt can matter importantly for the types of policies that emerge as optimal, we maintain the balanced
budget assumption in this paper for mainly two reasons. First, we wish to contrast our ﬁndings regarding the lack of
government commitment with the previous studies of optimal public investment carried out under full commitment. We
shall show that under full commitment, our framework nests ﬁndings in Glomm and Ravikumar (1994) among others.
Second, although the absence of debt limits our ﬁndings, its inclusion implies adding an additional state variable to the
model that would signiﬁcantly complicate the analysis.6
Suppose that the tax rate households face at any date stems from a stationary policy rule that depends only on the states
of the economy at that date, Cðk; kg Þ. Since the government maintains a balanced budget, public investment satisﬁes
0
ikg ¼ Cðk; kg Þy  g t . We can then express new outlays of public capital, kg , as
0

kg ¼ ½Cðk; kg Þ  ff ðk; kg Þ þ ð1  dkg Þkg .

(7)

Throughout the analysis, we denote next period’s value of a given variable x by x0.
3.1. The recursive competitive equilibrium
In order to address how governments might choose discretionary policy optimally in our environment, we ﬁrst need to
describe how households and ﬁrms make decisions given that a tax policy, Cðk; kg Þ, is in place.
Firms: There exists a large number of homogeneous small size ﬁrms that act competitively, where kg acts as a common
externality with respect to each ﬁrm’s production. We denote by r and w the rental price of private capital and the wage.
Taking these prices as given, each ﬁrm maximizes proﬁts and solves
max P ¼ f ðk; kg Þ  rk  wl.
k;l

The corresponding optimality conditions yield r ¼ f k ðk; kg Þ and w ¼ f ðk; kg Þ  f k ðk; kg Þk.
Households: At each date, households decide how much to consume and save, as well as how much capital to rent to
ﬁrms. Taking the policy rule Cðk; kg Þ as given, households maximize their lifetime utility subject to their budget constraint
and the law of motion describing the accumulation of private capital. Because the policy rule C is stationary (i.e. it does not
depend on time as a separate argument), we can write the household problem recursively as follows:
0

0

0

V̄ðk̄; k; kg Þ ¼ max
fuðcÞ þ bV̄ðk̄ ; k ; kg Þg
0

(PC )

c;k

s.t.
0

c þ k̄  ð1  dk Þk̄ ¼ ð1  Cðk; kg ÞÞ½wl þ r k̄,

(8)

0

(9)

0

(10)

k ¼ Hðk; kg Þ,
kg ¼ KG ðk; kg Þ,

where k̄ denotes individual capital.
The solution to the representative household’s dynamic optimization problem yields the familiar Euler equation
(henceforth EE),
0

0

uc ¼ bu0c ½ð1  Cðk ; kg ÞÞr 0 þ 1  dk .

(EE)

Having described the behavior of households and ﬁrms, we can deﬁne the recursive competitive equilibrium given taxes:
Deﬁnition 1. Given the policy rule Cðk; kg Þ, a recursive competitive equilibrium is a set of functions, V̄ðk̄; k; kg Þ, wðk; kg Þ,
rðk; kg Þ, H̄ðk̄; k; kg Þ, Hðk; kg Þ, and KG ðk; kg Þ, such that
1.
2.
3.
4.

H̄ðk̄; k; kg Þ solves Eq. (EE), and V̄ðk̄; k; kg Þ solves ðPC Þ.
Prices reﬂect competitive factor markets, rðk; kg Þ ¼ f k , and wðk; kg Þ ¼ f ðk; kg Þ  f k ðk; kg Þk.
Consistency is satisﬁed H̄ðk; k; kg Þ ¼ Hðk; kg Þ.
The government budget constraint holds, KG ðk; kg Þ ¼ ðCðk; kg Þ  fÞ½wðk; kg Þl þ rðk; kg Þk þ ð1  dkg Þkg .

In (EE), taxes distort private incentives to consume and save, but also induce higher future returns to private investment
0
through the development of public infrastructure. Speciﬁcally, the return to private investment, r 0 , depends on kg through
the marginal product of private capital. A question then immediately arises as to where to set the tax rate, or equivalently,
the share of public investment in output.
6
See Ortigueira and Pereira (2007) for an analysis of Markov-perfect optimal income taxation and public debt policy in an economy with private
capital.
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A benevolent planner considers the effects of policy on agents’ welfare. Because households are identical k̄ ¼ k=k and we
can restrict our attention to the representative agent’s policy functions. We denote the planner’s value function by Vðk; kg Þ,
where V̄ðk; k; kg Þ ¼ Vðk; kg Þ.
4. Description of the Markov-perfect problem
We deﬁne a stationary Markov equilibrium following Klein et al. (2008) where, in our setup, the tax rate depends on the
stocks of public and private capital. Unlike Klein et al. (2008), however, and more generally models with a single state
variable, the derivation of the government Euler equation—which characterizes the solution—is substantially more
involved with two states. We show that such a derivation remains analytically tractable. More importantly, it also turns out
to be helpful for the application of numerical methods that efﬁciently and accurately describe transition dynamics.7
A Markov-perfect equilibrium can be described as a sequence of successive governments, each choosing a single tax rate
based on the state it inherits when taking ofﬁce. In making this choice, each government correctly anticipates the optimal
decision rule, Cðk; kg Þ, adopted by its successors. In order for Cðk; kg Þ to be subgame perfect, no government must ever have
an incentive to deviate from this rule. Joint deviations are not feasible since, by assumption, a new government chooses
policy every period and, consequently, cannot enter binding contracts with future governments. It is sufﬁcient, therefore, to
analyze the problem of a government that potentially wishes to ‘‘deviate’’ in the current period by setting a tax rate
taCðk; kg Þ, under the assumption that Cðk; kg Þ is forever followed in the future. Thus, we now describe how an arbitrary
deviation perturbs equilibrium allocations, and we allow the government to choose the best possible deviation t.
In a Markov-perfect equilibrium, it must be the case that the optimal t coincides with the policy rule Cðk; kg Þ. Put another
way, Cðk; kg Þ describes a time-consistent policy if and only if it coincides with the deviation that a government would
optimally choose.
From the government budget constraint, we can deﬁne the evolution of public capital as a function of current states and
an arbitrary tax rate, Gðk; kg ; tÞ, such that
Gðk; kg ; tÞ ¼ ðt  fÞf ðk; kg Þ þ ð1  dkg Þkg .

(11)

The representative household’s budget constraint is given by
0

c ¼ ð1  tÞ½wðk; kg Þl þ rðk; kg Þk þ ð1  dk Þk  k ,
where prices are written explicitly as a function of current states. Because of the representative household assumption,
this constraint can also be expressed as an economy-wide resource constraint that implicitly deﬁnes a consumption
function, C,

Cðk; kg ; t; k0 Þ  ð1  tÞf ðk; kg Þ þ ð1  dk Þk  k0 .

(12)
0

Let us deﬁne the evolution of private capital under the one-period deviation as k ¼ Hðk; kg ; tÞ, where H solves households’
optimal consumption–savings decision when the current tax rate is given by t, and all future tax rates obey Cðk; kg Þ. Since
households take policy as given, Eq. (EE) then becomes
0

0

0

0

0

00

0

0

0

uc ½Cðk; kg ; t; k Þ ¼ buc ½Cðk ; kg ; Cðk ; kg Þ; k Þff k ð1  Cðk ; kg ÞÞ þ 1  dk g,
0

00

0

(13)

0

where kg ¼ Gðk; kg ; tÞ and k ¼ Hðk ; kg Þ.
Although each government only chooses taxes for the period in which it is in ofﬁce, this choice also affects individual
and aggregate behavior in subsequent periods. As savings and investment in public capital adjust following a change in the
current tax rate, so do future taxes as a by-product. Put another way, since C is followed tomorrow onwards, variations in t
0
0
0 0
that cause k and kg to change will also cause the rate t0 ¼ Cðk ; kg Þ to change, thus affecting future savings and investment
00
00
(k and kg ). Hence, by affecting future states with current policy decisions, the current policymaker possesses some
leverage over future governments through C.
Formally, the Markov problem describing optimal discretionary policy at any date is
max uðCðk; kg ; t; Hðk; kg ; tÞÞ þ bVðHðk; kg ; tÞ; Gðk; kg ; tÞÞ,
t

(PM )

where Vðk; kg Þ is determined by
Vðk; kg Þ ¼ uðCÞ þ bVðHðk; kg Þ; KG ðk; kg ÞÞ.

(14)

Hðk; kg ; tÞ satisﬁes condition (13), and C  ð1  Cðk; kg ÞÞf ðk; kg Þ þ ð1  dk Þk  Hðk; kg Þ.
A Markov-perfect equilibrium is found when, for any pair fk; kg g, t ¼ Cðk; kg Þ. Formally,

Cðk; kg Þ 2 argmax uðCðk; kg ; t; Hðk; kg ; tÞÞ þ bVðHðk; kg ; tÞ; Gðk; kg ; tÞÞ.
t

7
In related work, Azzimonti et al. (2006) study a politico-economic equilibrium, also with multiple state variables, but where taxes are determined
by majority voting.
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When the government optimally chooses not to deviate from the rule C in setting t, the resulting policy functions must be
consistent with the recursive competitive equilibrium described in Deﬁnition 1. Hence, Hðk; kg ; Cðk; kg ÞÞ  Hðk; kg Þ and
Gðk; kg ; Cðk; kg ÞÞ  KG ðk; kg Þ.
4.1. The government Euler equation
Assuming that the policy functions are differentiable, the ﬁrst-order condition associated with problem (PM ) is
uc Ct þ b½V 0k Ht þ V 0kg Gt  ¼ 0.

(15)

The expressions for V k and V kg (where V is given in Eq. (14)) involve Hk and Hkg . Since households’ Euler equation (EE)
depends on the policy rule Cðk; kg Þ, the calculation of Hk and Hkg —using the implicit function theorem—in turn involves
derivatives of the policy function, Ck and Ckg . This feature of the problem imposes an additional burden on solving for the
Markov-perfect equilibrium since, to arrive at the unknown policy C (or even just the tax rate in the steady state), one
already needs to take into account how this policy changes with the states of the economy.
We saw in Section 2.1 that in the presence of lump sum taxes, the government would set all distortions to zero so that
ﬁrst-best allocations could be attained. In contrast, in our setting, distortionary taxes induce wedges in the intertemporal
conditions describing the efﬁcient provision of private and public capital. The following proposition states that the optimal
discretionary policy is such that it sets a linear weighted sum of these distortions to zero.
0

0

Proposition 1. Let Dk ¼ uc þ bu0c ðf k ð1  fÞ þ 1  dk Þ and Dkg ¼ uc þ bu0c ðf kg ð1  fÞ þ 1  dkg Þ. Then, the government’s ﬁrst
order condition (15) may be re-written as an Euler equation as follows:
~ 0 D0 g ¼ 0,
~ 0 D0 þ G
Ht Dk þ Gt Dkg þ bfH
t k
t kg
0

~ ¼
where H
t

xB00kg

0

~ ¼
and G
t

xB00k ,

with Bi ¼ Gi  Gt ðHi =Ht Þ; i ¼ k; kg and x ¼

(16)
Ht ðB0k Ht

þ

B0kg Gt =B00k H0t

þ

B00kg G0t Þ.

Proof. See Appendix A.
The derivation of the government Euler equation in terms of a weighted sum of deviations from efﬁcient intertemporal
decisions is somewhat involved, but perhaps most intuitive in that form. Furthermore, it is worth noting that although the
economy is dynamic, so that there are potentially an inﬁnite number of distortions, only those in the current and
subsequent period matter directly. The recursive nature of the problem together with the envelope theorem ensure that
other wedges are handled optimally. Why is it that two inefﬁciency wedges in the current and subsequent period matter in
Proposition 1? In Klein et al. (2008), or Azzimonti et al. (2006), the government attempts to manipulate one intertemporal
distortion using one policy instrument, income taxes. As a result, the GEE in Klein et al. (2008), for instance, involves
trading off one intertemporal wedge, the one that distorts savings, with one intratemporal wedge, the one between the
marginal utilities of private and public consumption. In our setting, however, the government attempts to manipulate two
intertemporal margins, those that determine private capital, Dk , and public capital, Dkg , but still having access to only one
instrument, income taxes. Thus, relative to the earlier frameworks with a single state variable, the optimal policy with
public investment dictates trading off two intertemporal wedges over time.8
The ﬁrst term in Eq. (16) depicts the increase in the inefﬁciency of private savings induced by a marginal increase in
distortionary taxes. This inefﬁciency is captured by the intertemporal savings distortion that arises with distortionary
taxes, if future taxes satisfy t0 4f then Dk 40, scaled by the reduction in household savings that takes place when the tax
rate increases, Ht o0.9 Similarly, the second term Gt Dkg in Eq. (16) summarizes how changes in current taxes affect the
inefﬁciency of public capital provision. In particular, this effect is characterized by the wedge Dkg , present whenever t0 af,
scaled by the rise in public investment implied by a marginal increase in t, Gt 40.10 The third and fourth terms in the
weighted sum of distortions in Eq. (16) may be interpreted in an analogous way and account for how current policy affects
next period’s wedges through its effect on future levels of private and public capital. In sum, therefore, governments
following a Markov-perfect policy choose a tax rate such that they trade off marginal inefﬁciencies that arise in private
savings, Ht Dk , with those that arise in the provision of public infrastructure, Gt Dkg , across two consecutive periods.
It is important to recognize that, depending on the nature of preferences and technology, the commitment problem on
the part of the government does not always bind. For the special case where households’ period utility is logarithmic,
y a 1a
uðcÞ ¼ log c, technology is Cobb–Douglas, y ¼ kg k l , capital depreciates fully within the period, dk ¼ dkg ¼ 1, and there
are no unproductive expenditures, f ¼ 0, optimal discretionary income tax rates are independent of the states, Cðk; kg Þ ¼
by 8 ðk; kg Þ.11 Moreover, private investment is a constant fraction of output in this case and, therefore, independent of future
8
In general, what affects the number of intertemporal trade offs in the GEE involves both the number of state variables and the number of
independent ﬁnancing instruments.
0
9
To see this, simply substitute households’ ﬁrst-order condition (EE) into the deﬁnition of Dk to obtain Dk ¼ bu0c f k ðt0  fÞ. Thus, Dk 40 when t0 4f,
which implies a level savings that is lower than optimal.
0
10
Recall that in the ﬁrst best economy, the optimal level of optimal public capital is determined by the condition uc þ bu0c ðf kg ð1  fÞ þ 1  dkg Þ ¼ 0.
With distortionary taxes such that if t0 af this equality no longer necessarily holds and Dkg a0.
11
See Appendix B.
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tax rates. As a result, the Ramsey plan is not subject to a time consistency problem and, in fact, coincides with the
discretionary solution. We return to this point in Section 6.
5. Numerical solutions for a calibrated economy
In this section, we carry out numerical simulations of our economy with public investment. The parameters we use are
mostly standard and selected along the lines of other studies in quantitative general equilibrium theory. Following Klein et
al. (2008), we assume that utility is logarithmic, uðcÞ ¼ log c, and that households discount the future at rate b ¼ 0:96,
where a time period represents a year. Turnovsky (2004) estimates depreciation rates for private and public capital such
that dk ¼ 0:05 and dkg ¼ 0:035, respectively. The share of private capital in output in the U.S. is approximately 36 percent
which implies a ¼ 0:36. Government spending on goods and services, net of public investment, averaged approximately 17
percent of output over the period 1960–2006 so that we set f ¼ 0:17. The one non-standard parameter relates to the
elasticity of output with respect to public capital. Estimates of y vary signiﬁcantly across studies. Glomm and Ravikumar
(1997) cite values ranging from as low as 0.03 (Eberts, 1986) to as high as 0.39 (Aschauer, 1989). Munnell (1990) also
estimates a value of 0.39 while Fernald (1999) ﬁnds y ¼ 0:35. We set y to 0.25 as our benchmark case to approximate a
consensus view. However, because of the uncertainty around this elasticity, we also discuss results for alternative
calibrations in Section 6, as well as this parameter’s implications for the measured stock of public capital in our model.
5.1. Overview of alternative numerical methods
Numerical work on optimal time-consistent policy has generally adopted one of three alternative methods:
(i) a global approximation method (henceforth GM),
(ii) a linear quadratic approximation method, and
(iii) a perturbation method.
Global approximation methods that solve for equilibria on a discretized state space are simplest, in the sense that they do
not necessarily require derivation of the GEE, and accurate. A signiﬁcant disadvantage of this method, however, relates to
its potentially lengthy computational time which grows exponentially with the number of state variables. As an alternative,
LQ approximations allow for rapid computations of steady states and transition dynamics. They are widespread in the
literature and easily handle multiple state variables. Examples of this approach are found, for instance, in Krusell and RiosRull (1999), and Benigno and Woodford (2006), in the context of ﬁscal policy, but are more prevalent in the monetary
policy literature as illustrated in Dotsey and Hornstein (2003), Svensson and Woodford (2004), and King and Wolman
(2004) among many others. Developments related to the perturbation method are more recent and, to this point, have been
used mostly to approximate steady-state equilibria (see Klein et al., 2008 or Azzimonti et al., 2006). In this paper, we use
the perturbation method to also approximate transitions to the steady state. To our knowledge, our work offers the ﬁrst
comparisons of relative accuracy between different approaches in a time-consistent policy problem.
Surprisingly, we ﬁnd that all methods deliver accurate estimates of the steady-state allocations. Transition dynamics
obtained using either an LQ approximation or a perturbation method with linear policy functions, however, can prove
signiﬁcantly inaccurate. In particular, transition paths for taxes and public investment computed from an LQ approximation
are noticeably different from those suggested by the global method solution. On a more practical level, the strict parametric
form imposed on the savings and income tax rules under the LQ approach can lead to misleading policy recommendations.
The perturbation method essentially consists of approximating decision rules with n-th order polynomials. In our
environment, conditional on C, the government’s budget constraint (7) immediately gives us rule G. Consequently, we
need only approximate the savings rule H and the tax policy C. Given the assumed functional forms for H and C,
calculating the derivatives that appear in the GEE is now straightforward. In essence, this method recasts the problem in
terms of ﬁnding unknown coefﬁcients. For comparison with the LQ approach, we use the perturbation method with two
different approximations of the policy functions, one that assumes a linear functional form for H and C, referred to as
‘‘method PL’’, and one that assumes a quadratic form for H, referred to as ‘‘method PQ’’.
Under method PL, we specify H as follows:
HPL ðk; kg ; tÞ ¼ ak0 þ ak1 k þ ak2 kg þ ak3 t.

(17)

Next period’s public capital satisﬁes the government’s budget constraint,
a y

GPL ðk; kg ; tÞ ¼ ðt  fÞk kg þ ð1  dkg Þkg

(18)

and taxes are linear in the state variables,

CPL ðk; kg Þ ¼ at0 þ at1 k þ at2 kg .

(19)
M

M
kg ).

The corresponding
There are seven unknown ‘‘a’’ parameters and two unknown steady-state values (i.e. k and
system of nine equations needed to solve for these parameters consists of the Euler equation, the GEE, the derivatives of the
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Table 1
Markov-perfect steady states.
Method

Policya, t

k

kg

Global method
Perturbation method (quadratic decision rules)
Perturbation method (linear decision rules)
Linear quadratic method

26.041
26.041
26.045
26.007

14.281
14.280
14.283
14.258

12.701
12.700
12.709
12.627

a

The tax rate is expressed in percentage terms.

Euler equation with respect to t, k, and kg , the derivatives of the GEE with respect to k and kg , as well as Eqs. (17) and (18)
evaluated at the steady state. See Klein et al. (2008) for additional details.12
Under the second approximation used with the perturbation approach, method PQ, C and g follow Eqs. (18) and (19),
but H is quadratic in its arguments. As a result, the number of unknown ‘‘a’’ parameters rises to 15. The required additional
equations in this case are given by the second derivatives of the Euler equation.
The LQ method re-states problem (PM ) as one with a quadratic objective subject to a set of linear constraints. The end
result is one where all decision rules are linear in the state variables, including the decision rule for G in contrast to Eq. (18)
under method PL. Thus, the fundamental difference between the LQ and the perturbation approach is that the latter solves
the original problem while only approximating the decision rules but not necessarily the objective function or constraints.
The relative accuracy of these methods are gauged against a global method carried out as follows. Given arbitrary initial
guesses for equilibrium taxes, Cn ðk; kg Þ, savings, Hn ðk; kg Þ, and the value function, V n ðk; kg Þ, on a discretized state space,
households’ savings for given tax rates, Hðk; kg ; t; Cn Þ, are obtained by solving the Euler equation in (13) at each grid point.
Similarly, the evolution of public capital, Gðk; kg ; t; Cn Þ, can be directly calculated from the government’s budget constraint
(7). This process immediately yields private consumption from Eq. (12), Cðk; kg ; t; Cn Þ, which can then be used to compute
households’ indirect utility for arbitrary tax rates on a grid. One can then directly solve the government’s problem (PM )
without deriving the GEE. The solution to this problem yields an updated optimal tax function, Cnþ1 ðk; kg Þ, and in turn a
new savings function, Hnþ1 ðk; kg Þ, and value function, V nþ1 ðk; kg Þ. By iterating on this procedure, we search for an
equilibrium where the policy and value functions have converged. In particular, kCn  Cnþ1 ko suggests that a
policymaker solving problem (PM ) will not deviate from the rule expected to be followed in the future. Because
0
0
Hðk; kg ; t; Cn Þ and Gðk; kg ; t; Cn Þ may imply values of k and kg ,respectively, that are not on the discretized state space, we
approximate the policy rule, Cn ðk; kg Þ, and welfare function, V n ðk; kg Þ, at each iteration with quadratic polynomials so that
they may be evaluated at arbitrary points.13 Additional points are added to the grids for k, kg , and t, until solutions no
longer differ across different discretizations of the state space.
5.2. Comparison between methods
Table 1 summarizes the steady-state tax rates and capital allocations under optimal discretionary policy using the four
methods we have just described. Interestingly, all methods yield steady-state solutions that are very close. The
perturbation method with quadratic decision rules (PQ) yields solutions that are closest to those obtained with the global
method. Note also that the bias for the perturbation method with linear rules (PL) is smaller, and goes in the opposite
direction, of that associated with the LQ method.
We can further assess the performance of each method by examining how well it ultimately solves the Euler equation
(13), and the government Euler equation (16), at points outside the steady state. To this end, let nEE ðki ; kg;j Þ denote the
(demeaned) error associated with households’ Euler equation evaluated at given points ki and kg;j when using the solutions
for H, KG , and C from each of the four methods we have described. Similarly, let nGEE ðki ; kg;j Þ denote the error that arises
from evaluating the government Euler equation using these solutions. Because these errors vary over two dimensions, k
and kg , we ﬁrst present results where we integrate over each dimension one at a time.
Fig. 1, panel A, shows the root mean square error (RMSE) associated with the Euler equation for different values of k,
Pnkg
nEE ðk; kg;j Þ2 1=2 , where nkg denotes the number of grid points describing
averaged over kg for each k, rEE ðkÞ ¼ ½ð1=nkg Þ j¼1
public capital. Conversely, Fig. 1, panel B, illustrates the RMSE computed from the Euler equation for different values of kg ,
P k
nEE ðki ; kg Þ2 1=2 , where nk denotes the number of grid points for private
averaged over k for each kg , rEE ðkg Þ ¼ ½ð1=nk Þ ni¼1
capital. It is immediately apparent from the ﬁgures that the linear quadratic and linear perturbation methods display the
largest errors among the four numerical approaches, with corresponding RMSE statistics that tend to increase rapidly as we
12

A technical Appendix with a detailed description of all methods used in this paper is available from the authors.
The results presented here rely on grids containing 100 points for t, 40 points for k, and 40 points for kg . Quadratic polynomial ﬁts for Cn ðk; kg Þ and
V n ðk; kg Þ were associated with R2 statistics in excess 0.9999 at each iteration and for each function. Using Matlab version 7.1 on a PC with a 2 GHz
processor and 2 GB of RAM resulted in a computing time of approximately two days. In contrast, the other three methods can be solved in less than a
minute. That said, global methods do not necessarily require value function iteration. An alternative that would be quicker is to solve the GEE using a
collocation method with Chebyshev polynomials.
13
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Fig. 1. Root mean square residuals under alternative methods. Panels A and B: EE errors, panels C and D: GEE errors.

Table 2
Accuracy comparisons between methods.
Method

Root mean square errora

Global method
Perturbation method (quadratic decision rules)
Perturbation method (linear decision rules)
Linear quadratic method

4:06e004
5:56e004
4:20e003
2:24e003

a

The RMSE is computed over grids whose bounds are set at 10 percent of steady state values.

move away from the steady state presented in Table 1. In contrast, the perturbation method with quadratic decision rules
performs just about as well as the global method, and even slightly better near the steady state in one case. Fig. 1, panel C,
depicts the RMSE associated with the government Euler equation for different values of k, averaged over kg ,
Pnkg
P k
rGEE ðkÞ ¼ ½ð1=nkg Þ j¼1
nGEE ðk; kg;j Þ2 1=2 . Fig. 1, panel D, plots its counterpart, rGEE ðkg Þ ¼ ½ð1=nk Þ ni¼1
nGEE ðki ; kg Þ2 1=2 . As before,
methods that rely solely on linear approximations are least accurate, with the linear quadratic approximation yielding
notably larger errors that increase steeply outside the steady state. Interestingly, with respect to the GEE, panels C and D
suggest that the perturbation method with linear decision rules (PL) performs almost as well as when computed with
quadratic decision rules (PQ). Here, the global method always yields the smallest errors.
In Table 2, we report the total RMSE, r, when both dimensions of the state space are taken into account and across both
optimality conditions,
91=2 8
91=2
8
nkg
nkg
nk X
nk X
=
=
< 1 X
< 1 X
2
2
r¼
nEE ðki ; kg;j Þ
þ
nGEE ðki ; kg;j Þ
.
;
;
:nk nkg
:nk nkg
i¼1 j¼1
i¼1 j¼1

(20)
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Table 3
Policy responses to changes in economic states.a
Method

@Cðk; kg Þ
@k

@Cðk; kg Þ
@kg

Global method
Perturbation method (quadratic decision rules)
Perturbation method (linear decision rules)
Linear quadratic method

9.192
9.177
10.069
2.603

9.761
10.467
10.360
10.996

a

Changes in the tax rate are expressed in percentage terms.

While the global method shows the smallest aggregate RMSE, the perturbation method with quadratic decision rules
proves nearly as accurate. In contrast, the LQ approximation and the perturbation method with linear rules are associated
with RMSE statistics that are 5–10 times larger.
To sum up, all approaches considered here yield similar steady-state tax rates and capital allocations.14 The accuracy of
the long-run Markov-perfect equilibrium under the LQ method, however, may be speciﬁc to this environment where
decisions rules tend to be ‘‘linear’’ close to the steady state. In addition, as discussed in Judd (1996, 1999), and Benigno and
Woodford (2006), by ignoring higher order effects that may be important in providing a welfare ranking of different
policies, the LQ approach produces linear decision rules that may poorly approximate optimal policies away from the
steady state. In our framework, we ﬁnd that a perturbation approach based on the GEE can perform nearly as well as a
global method. While the global approach is conceptually simpler, deriving the GEE allows for the implementation of a
numerical method that takes virtually no computational time.

5.3. Implications for transition dynamics
Table 3 presents what the different methods we have just reviewed imply for the response of optimal discretionary
policy to changes in the states of the economy. Speciﬁcally, we compute @Cðk; kg Þ=@k and ð@Cðk; kg ÞÞ=@kg evaluated at the
steady state. In general, the Markov-perfect policy prescribes a tax rate rule that increases with private capital and
decreases with public capital. This suggest that Markov governments purposefully create incentives for the private sector to
invest when private capital falls below its steady state, ð@Cðk; kg ÞÞ=@k40. In contrast, optimal discretionary tax rates rise
when public infrastructures fall short of their long-run equilibrium, ð@Cðk; kg ÞÞ=@kg o0. In this case, higher taxes are
necessary to fund public investments.
Interestingly, the response of optimal discretionary tax rates is roughly of the same magnitude with respect to changes
in either type of capital. Moreover, the perturbation methods yield policy responses that are quantitatively similar to those
obtained with the global method. The linear quadratic approximation, however, considerably underestimates the response
of optimal policy to an increase in private capital.
More generally, Fig. 2 illustrates the policy functions describing the evolution of public capital and Markov-perfect tax
rates with respect to each state variable. The left-hand panels hold public capital at its steady state and show the policy
functions with respect to private capital. Conversely, the right-hand panels hold private capital ﬁxed at its steady state and
illustrates how the policy variables move with public capital. Although the policy rules can differ off steady state, especially
in the case of the LQ approximation when public capital is held ﬁxed, these functions all intersect at the steady state values
for public and private capital. These plots, therefore, are consistent with all numerical methods giving us accurate estimates
of the long-run Markov-perfect equilibrium in Table 1.
The policy functions in Fig. 2 show relatively little difference between the Perturbation method with quadratic decision
rules (PQ) and the global method. In contrast, the LQ approximation considerably overstates the optimal discretionary tax
rate, and hence the evolution of public capital, when private capital falls below steady state (Fig. 2, panels A and C). In
addition, Fig. 3 shows that LQ estimates of households’ decision rules notably understate optimal savings when private
capital falls short of its long-run equilibrium.
To gain a sense of the quantitative implications from these different policy functions for transition dynamics, Fig. 4
depicts the evolution of both types of capital, tax rates, and consumption when the economy starts off with stocks of public
and private capital that are initially 5 percent below their respective steady states. The most striking difference across
methods concerns the evolution of tax rates (Fig. 4, panel D). Speciﬁcally, while the solution computed using the global
method predicts a small decrease in tax rates of less than 1 percent initially, the LQ approximation prescribes a tax rate
increase of almost 5 percent (from 26 to 31 percent). Moreover, the global method suggests a smooth gradual increase in
tax rates throughout the transition to the steady state while the LQ method shows an abrupt decline in tax rate over the
14

rules.

Total RMSE statistics are on the order of 106 at the steady state for both the global method and the perturbation method with quadratic decision
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Fig. 2. Panels A and B: tax policy—Cðk; kg Þ, panels C and D: public capital accumulation rules—Gðk; kg Þ as functions of the state variables.

ﬁrst ﬁve periods. As the economy moves towards its long-run equilibrium, these differences in tax rates imply a noticeably
smoother consumption proﬁle under the global method than when computed with the LQ approximation (Fig. 4, panel C).
Our example suggests that the choice of numerical methods in problems of optimal discretionary policy should depend,
in part, on the goal of the investigation. To the degree that one is mostly interested in long-run equilibrium properties of
the Markov-perfect problem, the LQ method is relatively accurate, straightforward, fast, and can accommodate a large
number of state variables without additional complications. That said, our ﬁndings regarding the accuracy of the long-run
equilibrium may not necessarily extend to problems whose decision rules are markedly non-linear around the steady state.
Furthermore, if the focus is on transition paths, then the perturbation method seems a preferable choice. The perturbation
method, however, can present its own challenge in that the number of parameters characterizing the policy functions
increases exponentially with the degree of the polynomials that describe those functions and the number of state variables.
This introduces a trade-off between the gains from using a larger polynomial and the error introduced by the algorithm
used to solve for its parameters. For the model at hand, with two state variables, method PQ generates decision and policy
rules that are very close to those obtained with the global method (Figs. 2 and 3).

6. The value of government commitment
Having described the optimal public investment problem under discretion, we brieﬂy present the more conventional
Ramsey setting to assess the importance of a commitment technology. We show that the special case of an optimal
constant policy, tt ¼ by 8tX0, discussed in Section 4 also emerges as a solution to the full commitment problem under the
same functional form assumptions. In this sense, our framework nests previous results in the literature, notably by Glomm
and Ravikumar (1997). While this ﬁnding implies that the commitment assumption is innocuous in their setting, that is not
the case in a more general setting. The objective of this section, therefore, is to compare allocations under the two
institutional extremes of full commitment and no commitment.

ARTICLE IN PRESS
M. Azzimonti et al. / Journal of Economic Dynamics & Control 33 (2009) 1662–1681

1673

Savings Rule
15.5

GM
PQ

H (k,kg∗)

15

LQ
L

14.5
14
13.5
13
13

13.5

14

14.5

15

15.5

k
Savings Rule
15.5

H (k∗,kg)

15
14.5
14
13.5
13
11.5

12

12.5

13

13.5

kg
Fig. 3. Private capital accumulation—Hðk; kg Þ— a function of the state variables. Panels A and B: savings rule.

6.1. Maximization problem
Consider a benevolent government that, at date zero, is concerned with choosing a sequence of tax rates consistent with
the development of public infrastructure that maximizes household welfare. In doing so, this government takes into
account the decentralized optimal behavior of households and ﬁrms, as summarized by the Euler equation and prices being
equated to marginal products, and can commit to future policy. The Lagrangian corresponding to the Ramsey problem can
be written as

fct ;t

max

1
t ;ktþ1 ;kgtþ1 gt¼0

L¼

1
X

bt uðct Þ

t¼0

þ
þ
þ

1
X
t¼0
1
X
t¼0
1
X

bt m1t fbuc ðctþ1 Þ½ð1  ttþ1 ÞF k ðktþ1 ; kgtþ1 Þ þ 1  dk   uðct Þg
bt m2t fðtt  fÞFðkt ; kgt Þ þ ð1  dkg Þkgt  kgtþ1 g
bt m3t fð1  tt ÞFðkt ; kgt Þ þ ð1  dk Þkt  ktþ1  ct g.

(PR )

t¼0

The constraint associated with the multiplier m1t implies that our benevolent planner takes households’
consumption–savings behavior as given. He can, however, inﬂuence the intertemporal allocations they choose by altering
tax policy over time. Because the capital stocks are ﬁxed at date 0, the ﬁrst-order conditions associated with ðPR Þ will
generally differ at t ¼ 0 and t40. As ﬁrst noted in Kydland and Prescott (1980), this suggests an incentive to take advantage
of initial conditions in the ﬁrst period with the promise never to do so in the future. It is exactly in this sense that the
optimal policy may not be time consistent since, once date 0 has passed, a planner at date t40 who re-optimizes would
want to start with a tax rate, tt , that differs from what was chosen for that date at time 0.
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Fig. 4. Transition dynamics under alternative methods. Panel A: private capital, panel B: public capital, panel C: consumption, panel D: taxes.

While Ramsey plans are typically time inconsistent, we introduced a parameterization in Section 4 that we argued made
the time consistency problem non-binding. To see why, recall that under that parameterization, household savings
depended only on the current tax rate through disposable income. A Ramsey policymaker would then recognize that the
choice of tax rate at any date never has an effect on either past or future savings and, in this sense, period 0 is no different
than any other period. Put another way, in that example, the government never has an incentive to renege on past promises
so that the resulting Ramsey policy is time consistent. We summarize this ﬁnding in the following proposition.
a y

Proposition 2. When preferences are logarithmic, uðcÞ ¼ logðcÞ, technology is Cobb–Douglas, y ¼ k kg , capital depreciates fully
within the period, dk ¼ dkg ¼ 1, and there are no unproductive expenditures f ¼ 0, the optimal sequence of tax rates with
commitment is time invariant and reproduces the Markov-perfect policy, tt ¼ by 8tX0.
Proof. See Appendix C.
An implication of Proposition 2 is that in this speciﬁc example, there are no welfare gains from adopting a technology
that constrains governments to fulﬁll their promises. In other words, whether or not governments can commit to future
policy is immaterial.
The value of commitment, however, is generally related to both the elasticity of intertemporal substitution and the
depreciation rate. In particular, household savings typically depend on the entire stream of tax rates, and setting tt 40 at
some date t affects the entire sequence of capital allocations. Since Markov policymakers take the states they inherit as
given, they never internalize the efﬁciency costs of distortionary taxes on past investment decisions. Hence, binding
governments to the policy prescribed under the Ramsey plan at every date opens up the possibility of a welfare
improvement.
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Table 4
Long-run equilibrium allocations.
Variable

Pareto

Ramsey

Markov

Tax rate (percent)
Consumption
Private investment
Public investment
Output
Private capital
Public capital

–
3.22
0.92
0.64
5.63
18.37
15.25

26.47
2.98
0.73
0.48
5.04
14.55
13.64

26.04
2.92
0.72
0.44
4.92
14.28
12.70

6.2. Differences in long-run allocations
To gauge the importance of the friction generated by a government’s inability to commit to future policy, we ﬁrst
present in Table 4 a comparison between long-run allocations under the Ramsey and Markov-perfect equilibria. The
numbers in the table refer to the calibration described in Section 5. As a benchmark, the table also presents Pareto optimal
allocations. Thus, differences between ﬁrst-best and Ramsey allocations reﬂect the distortionary effect of proportional
taxes. Differences between Ramsey and Markov-perfect allocations reﬂect the additional distortion introduced by the lack
of commitment.
In this model economy, the inability of a policymaker to commit to future policy results in a long-run equilibrium with
lower taxes and too little public capital relative to the Ramsey equilibrium. To see the intuition behind this result, consider
an increase in the tax rate at some date t40 from the standpoint of a household. On the one hand, this increase in taxes
reduces the return to previous investments and makes previous consumption more attractive relative to consumption at
time t. Investments made in prior periods then tend to fall. On the other hand, the increase in the tax rate generates a
negative wealth effect that leads households to want to reduce consumption in all periods and, therefore, increase
investments made prior to date t. For log preferences and depreciation rates that are strictly less than one, the wealth effect
dominates and an increase in the current tax rate lowers previous consumption. That is, the wealth effect induced by the
tax rate hike raises prior investments. Moreover, by ﬁnancing higher levels of public capital, higher taxes at date t raise the
productivity of private capital and encourage private investment prior to t. Since a Markov government takes future policy
as given, it cannot exploit this positive effect of future taxes on today’s investments. A Ramsey policymaker, on the other
hand, will exploit this effect and optimally choose to set higher future tax rates. The ability to commit to future policy,
therefore, results in higher taxes and more public capital in the long-run.
The fact that steady-state Markov-perfect tax rates are lower than their Ramsey counterpart implies that, absent
government commitment, the economy is ultimately unable to reach the second-best level of public infrastructure. This
effect discourages the accumulation of private capital in spite of the lower tax rates. The combination of lower public and
private capital results in an output loss of approximately 2.4 percent associated with the lack of a commitment technology.
Under this calibration, this output loss translates into a long-run consumption difference of about 2 percent between
Markov-perfect and Ramsey equilibria.
6.3. How costly is the loss of commitment?
Having described differences in long-run allocations between a world with and without commitment, we now try to
assess the overall value of having a commitment technology in our environment. Speciﬁcally, we ask: what would it cost
households who live in a world where the government can credibly bind itself to future policy to suddenly lose government
commitment?
To answer this question, consider a household who, at date 0, lives in an economy that is in a long-run Ramsey
equilibrium. Allocations in that economy solve a set of stationary equations that capture the optimality conditions and
resource constraints associated with problem ðPR Þ. If the economy were to stay in this long-run equilibrium, the Ramsey
allocations would then continue unchanged from date 0 onwards and are given by the constant time paths shown in
Fig. 5.15 Now, suppose instead that the economy suddenly switches to a regime characterized by discretionary policy at
date zero. Fig. 5, panel D, shows that a Markov government would immediately deviate from the Ramsey policy and lower
the tax rate. This implies a reduction in public capital in the following period (Fig. 5, panel B), but encourages private
investment in the short-run (panel A). Because of the fall in tax rates, households are also able to enjoy higher consumption
in the ﬁrst few periods following the switch to a discretionary regime (panel C). However, the new discretionary policy
eventually catches up with them as it implies lower levels of public infrastructure that in turn lower the marginal product
of private capital. This effect discourages private capital accumulation which, along with the decline in public capital,
ultimately leads to a fall in output and consumption.
15

In that sense, the transition dynamics associated with the continuation of the commitment problem are straightforward in this experiment.
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What then are the welfare implications of the transition paths that describe the move to discretionary policy? Let fcRt g1
t¼0
describe the consumption stream that emerges if the economy were to continue in the long-run Ramsey equilibrium. In
1
this case, we have that ct ¼ cR 8t where cR denotes stationary Ramsey consumption. Analogously, let fcM
t gt¼0 describe the
consumption path induced by the move to discretionary policy. We then measure the value of government commitment as
the percentage loss, z, of Ramsey consumption that the household would have to incur at every date in order to be
R
R
indifferent between the economy with and without commitment (Lucas, 1987). Formally, let k and kg denote the Ramsey
steady-state stocks of private and public capital, respectively. We then deﬁne welfare under the alternatives of continued
R R
R R
commitment and the move to discretion by V R ðk ; kg Þ and V M ðk ; kg Þ, respectively. It follows that z solves
R

R

V M ðk ; kg Þ ¼

uðcR ð1  zÞÞ
.
1b

(21)
R

R

Since, under our parameterization, uðcR Þ=ð1  bÞ ¼ lnðcR Þ=ð1  bÞ ¼ Vðk ; kg Þ, we have that

z ¼ 1  expfð1  bÞ½V M ðkR ; kRg Þ  V R ðkR ; kRg Þg.

(22)

Table 5 presents the value of commitment computed under the global method. We ﬁnd that the move to a discretionary
regime implies a welfare loss of just 0.013 percent of each period’s consumption. However, a jump from the Ramsey steady
state to the discretionary steady state is associated with a welfare loss of 1.849 percent of consumption per period. This
difference is driven in large part by the greater emphasis that Markov governments place on short-run gains relative to a
Ramsey planner. In particular, although the economy with discretion achieves lower long-run consumption relative to the
regime with commitment, the tax policy chosen under discretion implies higher consumption during the transition (Fig. 5,
panel C) that largely offsets this long-run loss. The net welfare effect of losing government commitment, in this case, is on
the same order of magnitude as the welfare costs of business cycles calculated by Lucas (1987) for similar household
preferences.
Consumption of non-durables and services in the U.S. is currently $9.086 trillion per year and, since there are around 116
million households, this amounts to $78,328 per household. Assuming that the U.S. economy reﬂects a Markov-perfect
steady state, Table 4 then implies that Ramsey steady state consumption would instead be $79,937 per household.

ARTICLE IN PRESS
M. Azzimonti et al. / Journal of Economic Dynamics & Control 33 (2009) 1662–1681

1677

Table 5
The value of government commitment.
Percentage loss of Ramsey consumption, z

Global method

Long-run

Total (including transition)

1.849

0.013

Therefore, applying z ¼ 0:013 percent in Table 5 to this ﬁgure, we obtain a welfare loss equivalent of $10.39 per household
per year. In present value terms, this amounts to $270.19 when using a 4 percent annual discount rate (consistent with our
calibration) into the inﬁnite future.
6.3.1. Robustness
As indicated in Section 5, there exists signiﬁcant uncertainty regarding the elasticity of output with respect to public
capital, y. A question then is: How do our ﬁndings change depending on the value of y ? We use an elasticity in our
benchmark that is approximately the median among those reported in different studies, y ¼ 0:25, which implies a ratio of
public capital to output of around 2.6 in the steady state. In contrast, the ratio of public capital to output, using data
published by the Bureau of Economic Analysis (BEA), is considerably lower at about 0.7. This discrepancy reﬂects in part the
difﬁculties involved in measuring public capital. These arise, in particular, from the sheer variety of government activities,
the different practices at different government levels, and especially the problem of valuing capital not rented out at
market prices, as well as the ensuing complications for measuring depreciation rates. They also arise from the often mixed
public–private nature of many activities.16 In speciﬁc cases where measurement problems are of somewhat lesser concern,
such as for the infrastructure related to roads and highways, estimates of the public capital elasticity of output are around
0.35 (Fernald, 1999). In contrast, obtaining a long-run ratio of public capital to output of 0.7 in our model requires that we
set y ¼ 0:07. Because public capital matters much less in production when y ¼ 0:07, welfare losses implied by the lack of
commitment are then considerably attenuated. Speciﬁcally, long-run consumption in the Markov-perfect equilibrium falls
to 0.10 percent of its Ramsey counterpart when y ¼ 0:07 as opposed to approximately 2 percent in Table 5. Furthermore,
this long-run welfare loss is almost entirely offset during the transition so that the welfare loss from moving to a regime
with discretion goes from small, 0.013 percent in Table 5, to negligible, 0.0003 percent when y ¼ 0:07.
7. Concluding remarks
In this paper, we characterize Markov-perfect equilibria in a model where the absence of government commitment
affects public investment in infrastructure. We show that in choosing the tax rate, the government trades off intertemporal
distortions in the provision of public and private capital over two consecutive periods only.
From a numerical standpoint, we ﬁnd that both GEE-based perturbation methods and linear quadratic approximations
deliver accurate stationary Markov-perfect equilibria. However, the approximation errors associated with the latter can
imply misleading policy recommendations in response to changes in the state variables, as well as transition paths that are
noticeably different from those produced by a global solution.
Finally, we ﬁnd that moving from an economy with government commitment to one with discretion implies only a small
welfare loss. This ﬁnding stems from the greater emphasis that Markov governments place on short-run gains, and
ultimately imply that lack of government commitment alone does not materially amplify the distortionary effects of income
taxes. This result, however, partly reﬂects the fact that while taxes distort the return to investment in our setting, thus
discouraging private capital accumulation, they also ﬁnance goods that directly enhances the productivity of capital which
has a direct opposite effect on households’ incentive to accumulate capital. In a model where the policy distortion is not so
directly offset, the friction associated with the lack of commitment is likely to be more critical. In addition, other political
factors, including the set of ﬁscal instruments available, the potential non-benevolence of governments (Acemoglu, 2004), or
conﬂicts of interest among heterogenous households (Azzimonti et al., 2006; Battaglini and Coate, 2008), and their
interactions with government discretion may also play an important role in the analysis of time-consistent policy problems.
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Appendix A. Proof of Proposition 1
This Appendix develops and interprets the government Euler equation, the equation that represents the optimal
intertemporal allocation for a Markov policymaker. Although the derivation below applies to a generic model with two
state variables, it should be clear that our generalization of the method proposed in Klein et al. (2008) can be
straightforwardly extended to models with a larger state space. Throughout the derivation, we make use of the fact that in
equilibrium, Hðk; kg ; Cðk; kg ÞÞ ¼ Hðk; kg Þ and Gðk; kg ; Cðk; kg ÞÞ ¼ KG ðk; kg Þ.
The relevant ﬁrst-order condition with respect to taxes involves the derivatives of the value function with respect to the
two state variables, k and kg ,
Rt þ b½V 0k Ht þ V 0kg Gt  ¼ 0,
V 0k

(A.1)
0

0
; kg Þ,

V 0kg

0

0
; kg Þ.

where Rt ¼ uc ½Ck0 Ht þ Ct ,
¼ V k ðk
and
¼ V kg ðk
The envelope theorem fails to hold because in choosing
taxes today, the current government is constrained by the future policy rule, C.
Differentiating the value function (14) with respect to each state (where we can cancel out the terms multiplying
derivatives of C by Eq. (A.1)), we obtain17
V k ¼ Rk þ b½V 0k Hk þ V 0kg Gk ,
V kg ¼ Rkg þ

b½V 0k Hkg

þ

(A.2)

V 0kg Gkg .

(A.3)
V 0k ,

At this stage, we have a system of three functional equations, (A1)–(A3), in four unknown functions, V k , V kg
and V 0kg .
Since tomorrow’s policymaker faces the same problem, however, Eqs. (A1)–(A3) updated one period must also hold.
Updating these equations then yields a system of six equations in six unknowns (with the additional unknowns being V 00k
and V 00kg ). Solving this system gives expressions for V k and V kg in terms of the policy and decision rules only, which we can
then update one period and substitute back into the ﬁrst-order condition (A.1) to obtain the GEE that determines C.
We can use the necessary condition (A.1) to obtain
V 0k ¼ 

Rt þ bV 0kg Gt

bH t

.

(A.4)

Replacing (A.1) into Eq. (A.2), and rearranging gives
V k ¼ Rk  Rt

Hk
þ bV 0kg Bk ,
Ht

(A.5)

where Bk ¼ Gk  Gt ðHk =Ht Þ. Replacing (A.1) once more into Eq. (A.3), and deﬁning Bkg analogously, we get
V kg ¼ Rkg  Rt

Hkg
þ bV 0kg Bkg .
Ht

(A.6)

We can now rearrange Eq. (A.5) to get


H
1
V 0kg ¼ V k  Rk þ Rt k
.
Ht bBk
Substituting this last expression into (A.6) gives
V kg ¼ Rkg  Rt



Hkg Bkg
H
þ
V k  Rk þ Rt k ,
Ht
Bk
Ht

(A.7)

which we can update to get an expression for V 0kg as a function of V 0k ,
V 0kg ¼ R0kg  R0t

17

H0kg
0

Ht

þ

B0kg
B0k



H0
V 0k  R0k þ R0t k0 .
Ht

In doing so, we make use of the fact that in equilibrium, Hðk; kg ; Cðk; kg ÞÞ ¼ Hðk; kg Þ and gðk; kg ; Cðk; kg ÞÞ ¼ KG ðk; kg Þ.

(A.8)
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As explained above, we can now update (A.6) a second time in order to introduce additional equations that help us solve for
the unknown derivatives of the value functions,
V 00kg ¼ R00kg  R00t

H00kg
00

Ht

B00kg

þ

B00k



H00
V 00k  R00k þ R00t k00 .
Ht

(A.9)

By updating the ﬁrst-order condition (A.1), we obtain another expression involving V 00k as a function of V 00kg ,
V 00k ¼ 

R0t þ bV 00kg G0t

bH0t

.

(A.10)

Replacing (A.10) into (A.9) then yields an expression for V 00kg that only depends on equilibrium decision rules (and not on the
derivatives of the value function).
!
B00k
B00k R0
H0t
00
,
(A.11)
V 00kg ¼ R00kg  R00k 00g þ R00t l  00g t0
B00k
Bk
Bk bHt
H0t þ G0t B00g
k

00

where l ¼ ðH00k G00kg  H00kg G00k Þ=ðH00t G00k  H00k G00t Þ. By updating Eq. (A.6) and substituting (A.11) into it, one obtains an expression
for V 0kg . Following the same steps with Eq. (A.5), one arrives at an analogous expression for V 0k. These last two equations can
then be substituted back into the ﬁrst-order condition (A.1) to obtain the GEE. After cumbersome algebra, this GEE can be
simpliﬁed to
2

0

0

00 00
~
~ þ R00 G
Rt þ b½R0k Ht þ R0kg Gt þ R0t A0t  þ b ½R00k H
t
kg t þ Rt At  ¼ 0,

(GEE)

where
Ri ¼ uc ½Ck0 Hi þ Ci ;
A0t ¼ 

i ¼ t; k; kg ,

B00k ðH0k Ht þ H0kg Gt Þ þ B00kg ðG0k Ht þ G0kg Gt Þ
B00k H0t þ B00kg G0t

,

~ 0 ¼ xB00 ; and
~ 0 ¼ xB00 ; G
H
t
t
kg
k
A00t ¼ xðH00kg B00k  H00k B00kg Þ
with Bi ¼ Gi  Gt ðHi =Ht Þ; i ¼ k; kg and x ¼ Ht ðB0k Ht þ B0kg Gt Þ=ðB00k H0t þ B00kg G0t Þ. In general, Ht o0, and Hk ; Hkg 40. Since
0
kg ¼ Gðk; kg ; tÞ ¼ ðt  fÞf ðk; kg Þ, then Gi 40 for i ¼ k; kg ; t.
To obtain the expression in Proposition 1, we substitute the deﬁnition of Ri , i ¼ k; kg ; t, in Eq. (GEE) to obtain
0

uc ½Gt  Ht  þ bu0c f½f k ð1  fÞ þ 1  dk  G0k  H0k Ht
þ

0
½f kg ð1

 fÞ þ 1  dkg  G0kg  H0kg Gt þ ½G0t  H0t A0t g

2
00
~0
þ b u00c f½f k ð1  fÞ þ 1  dk  G00k  H00k H
t
00

þ ½f kg ð1  fÞ þ 1  dkg  G00kg  H00kg A00kg þ ½G00t  H00t A00t g ¼ 0.
Using the deﬁnition of the wedges provided in Proposition 1, we can collect terms and write this equation as
~ 0 D0  bu00 ½ðG00 þ H00 ÞG
~ 0 þ ðG00 þ H00 ÞH
~ 0 D0 þ G
~ 0 þ ðG00 þ H00 ÞA00 g ¼ 0.
Ht Dk þ Gt Dkg þ bfH
kg
k
t k
t kg
t
t
t
t t
c
kg
k
It can be shown, after straightforward algebraic manipulations, that the last row of this last equation is identically zero.
Therefore, the GEE is simply
~ 0 D0 g ¼ 0.
~ 0 D0 þ G
Ht Dk þ Gt Dkg þ bfH
t k
t kg
Appendix B. A special case: constant Markov-perfect policy
Consider here the case where households’ period utility is logarithmic, uðcÞ ¼ log c, technology is Cobb–Douglas,
y a 1a
y ¼ kg k l , capital depreciates fully within the period, dk ¼ dkg ¼ 1, and there are no unproductive expenditures, f ¼ 0. It
is well known that for these speciﬁcations of preferences and technology, the household savings function in the
decentralized equilibrium depends only on the current level of taxes and not the entire policy stream. Speciﬁcally, future
policy changes lead to income and substitution effects on current savings that exactly offset each other. Under these
assumptions, the household Euler equation reduces to
0

0

0

c0 ¼ bf k ½1  Cðk ; kg Þc.
Given policy, we guess that the recursive competitive equilibrium is such that households save a constant proportion,
y a
s 2 ð0; 1Þ, of after tax income, Hðk; kg Þ ¼ sð1  Cðk; kg ÞÞkg k . It is then straightforward to show that Eq. (EE) holds if and only
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if s ¼ ab. It follows that

Hðk; kg Þ ¼ abð1  Cðk; kg ÞÞy,

(B.1)

and that consumption is also proportional to after tax income
c ¼ ð1  abÞð1  Cðk; kg ÞÞy.

(B.2)

e 0 that can be
e 0 , and G
Given Eq. (11) in the text and Eq. (B.1) above, it is straightforward to obtain expressions for Ht, Gt , H
t
t
substituted into the GEE in Proposition 1. Moreover, expressions for Dk and Dkg are given by Eqs. (5) and (6), respectively.
Basic algebraic manipulations then immediately show that the constant tax policy t ¼ by solves the GEE.18
Appendix C. Proof of Proposition 2
a y

When preferences are logarithmic, uðcÞ ¼ logðcÞ, technology is Cobb–Douglas, y ¼ k kg , capital depreciates fully within
the period, dk ¼ dkg ¼ 1, and there are no unproductive expenditures f ¼ 0, the Ramsey Problem reads as
1
X

max

ftt ;ktþ1 ;kgtþ1 g1
t¼0

s:t:

bt lnðð1  tt Þyt  ktþ1 Þ

t¼0

ktþ1 ¼ abyt ð1  tt Þ

(C.1)

and
kgtþ1 ¼ tt yt ,

(C.2)
a y

where we have used the closed-form solution for households’ savings in the previous Appendix, and yt ¼ kt kgt . Let lt and mt
denote the Lagrange multipliers associated with constraints (C.1) and (C.2), respectively.
The Ramsey planner’s optimality conditions are


1 1
lt ¼ mt þ
,
ct ab


1 abytþ1
ð1  ttþ1 Þ
¼ 0,
lt  
ltþ1 abð1  ttþ1 Þ þ mtþ1 ttþ1 
ktþ1
ct
ctþ1


ybytþ1 ð1  ttþ1 Þ
mt þ
 ltþ1 abð1  ttþ1 Þ  mtþ1 ttþ1 ¼ 0.
kgtþ1
ctþ1
Straightforward algebra allows us to dispose of the multipliers and obtain
1

abð1  tt Þ

þ

y

abðatt  yð1  tt ÞÞ



y
ð1  tt Þðattþ1  yð1  ttþ1 ÞÞ

¼ 0.

It is then easy to see that tt ¼ ttþ1 ¼ by satisﬁes the above equation. Since the government faces the same ﬁrst order
conditions at t ¼ 0 and t40, this Ramsey solution is time consistent.
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